Abstract: In two-parameter systems two symmetry breaking bifurcation points of di erent types coalesce generically within one point. This causes secondary bifurcation points to exist. The aim of this paper is to understand this phenomenon with group theory and the innerconnectivity of irreducible representations of supergroup and subgroups. Colored pictures of examples are included.
Introduction
Mode interaction is a typical bifurcation phenomenon for dynamical systems _ x = f(x; ; ); x 2 X := IR n (1) depending on two real parameters and . In connection with equilibria x 0 one distinguishes steady{state/steady{state (double zero eigenvalue of the Jacobian D x f(x 0 ; 0 ; 0 )), steady{state/Hopf (a zero and a pair of imaginary eigenvalues) and Hopf/Hopf mode interaction (two pairs of imaginary eigenvalues).
The situation is more complex if symmetries are present. Assuming the equivariance condition f(g x; ; ) = g f(x; ; ) 8(x; ; ) 2 IR n+2 ; 8 g 2 G; (2) involving a compact Lie group G, (critical) eigenvalues are in general no more simple. Moreover, one has to distinguish the di erent irreducible representations of G acting on the eigenspaces, hence the eigenvalues have to be classi ed according to their symmetry type.
Analytical results about mode interaction for speci c groups and irreducible representations are obtained by singularity theory and normal forms (Golubitsky, Stewart, Schaeffer 8]). But each group has to be considered di erent. In contrast to these theories we present a general method which is valid for arbitrary groups and is related to numerical computations. We will focus on steady{state/steady{state mode interaction with di erent symmetry types of the zero{eigenvalues.
We are interested in analytical results that such mode interactions cause steady{state secondary bifurcation. The well known principle double eigenvalues lead to secondary bifurcation (see Bauer, Keller, Reiss 1] and Shearer 11] ) can be generalized (Werner 14] ). We will recall these results and try to make them more transparent (sec. 3.).
The main aim of this paper is the investigation of the purely group theoretical interaction conditions (Def. 3.6) with group theoretical methods only (sec. 4.). The innerconnectivity between irreducible representations of supergroups and subgroups as introduced in Gatermann 6] helps to understand the mode interaction. It turns out that su cient conditions for secondary bifurcation resulting from mode interaction can be easily visualized by bifurcation graphs as introduced in Dellnitz The interaction results will be thoroughly discussed for the dihedral group G := D 6 , where many new mode interaction results can be derived from our interaction conditions. There are 5 nontrivial irreducible representations, and we have to investigate 20 di erent mode interactions. In 15 cases the group theoretical mode interaction conditions turned out to be true (sec. 5.). This paper will be completed by numerical results for the 6{cell brusselator and a hexagonal lattice dome (see Healey 9] ) with many colorful bifurcation diagrams which have been computed using SYMCON ( 7] ).
Group theoretical notations
In this section we try to summarize some important notions and standard theory. For a deeper understanding we refer to F assler, Stiefel 3], Serre 10 ] and Golubitsky, Stewart, Schaeffer 8].
Linear representations
In the following G will be a compact Lie group. The basic notion is that of a linear representation of G acting on a real (or complex) vector space X by a group homomorphism g 7 ! (g) 2 Gl(X). The dimension of X is the dimension of the representation .
In the following we consider real vector spaces X only, where for X = IR n all representation matrices (g) are assumed to be orthogonal. Hence we are concerned with real, orthogonal, nite dimensional representations of G. These representations will be denoted by the letters ; D; k ; d k and in the next section by #; ; % or . The basic representation we will mostly refer to is called D by which G is acting orthogonally on the state space X = IR n of our dynamical system (1) via the equivariance condition (2) which may be written more precisely as f(D(g)x; ; ) = D(g)f(x; ; ) 8(x; ; ) 2 IR n+2 ; 8 g 2 G : (3) In the following we recall some notations for arbitrary linear representations : G ! Gl(X), giving examples for our special representation D.
A point x 2 X is G{invariant i (g)x = x for all g 2 G. A subspace U of X is G{invariant i (g)u 2 U for all g 2 G. An example of a G{invariant space is the kernel of D x f of the dynamical system (1) at a G-invariant critical point. A G{invariant subspace U of X induces a representation U of G on U by de ning U (g) to be the restriction of (g) to U.
A G{invariant subspace U of X is G{irreducible i there does not exist any nontrivial,
proper G{invariant subspace of U.
A real representation of G on a real nite dimensional vector space X is an irreducible representation i X is G{irreducible.
It follows that any G{irreducible subspace U of X induces an irreducible representation U on U. 
Some irreducible representations may be not present in . Then m k = 0 in (4).
The sum of all G{irreducible subspaces of the same type k is the isotypic component
In the equivariance condition (3) D : G ! Gl(X) is an orthogonal representation. Also D has a canonical decomposition (4).
Matrices A 2 IR n;n having the symmetry of ( (g)A = A (g); 8 g 2 G) are of special interest. The Jacobians D x f at G{invariant points represent an important class of matrices having the symmetry of D. They may be thought of as block diagonal, 9 M 2 IR n;n independent of A :
The columns of M form a symmetry adapted basis of X. 
Group theoretical notations in bifurcation analysis
In bifurcation theory some de nitions turn out to be useful which depend on the representation D. Throughout this paper we will assume that G and D(G) are isomorphic and thus g 2 G and D(g) may be identi ed. The isotropy subgroup G x of x 2 X is G x := fg 2 G : g x = xg: G x can be considered as the symmetry of x. Not necessarely each subgroup H of G is an isotropy subgroup in the sense that there is an x 2 X with H = G x . The isotropy subgroup G U of a subspace U X is de ned by G U := fg 2 G : g u = u for all u 2 Ug: For x 2 U we have G U G x , not necessarely G U = G x . But we have G U = G x for at least on x 2 U, hence G U is indeed an isotropy subgroup. In the context of mode interaction the question arises under which circumstances a bifurcation symmetry for k is still a bifurcation symmetry for k + i with non-isomorphic irreducible representations k and i .
Mode interaction analysis
The aim of this section is to present the interaction results in 14] in a transparent way. We will choose a slightly di erent approach than in 14] to make the simple geometrical principle behind these results more clearly. Our starting interest is in steady state bifurcation of the dynamical system (1) depending on two parameters and and being G{equivariant (3) . Mode interaction we are interested in, is de ned by N 0 = U + V; where U and V are G{irreducible subspaces of X of di erent nontrivial types # and .
For two parameter problems this mode interaction will occur generically.
#{ mode interaction
To formulate the interaction results we give the following de nition which slightly di ers from the comparable Def. Since the irreducible representations # and are nontrivial, we can draw the rst conclusion: there exists a two-dimensional manifold C G = f(x G ( ; ); ; ) : j ? 0 j < "; j ? 0 j < "g X G IR 2 ; " > 0 (5) of G{symmetric equilibria of _ x = f(x; ; ) (for xed we have G{branches of equilibria we will refer to).
Analysis
Being interested in symmetry breaking bifurcation from C G , the rst mode interaction condition enters:
Assume that there exists a bifurcation symmetry H in U and in N 0 = U + V . (IC 1 )
Restricting the search for equilibria to those with at least the symmetry H, the Lyapunov Schmidt method ends up with a scalar bifurcation equation g(u; ; ) = 0; u 2 IR; g(u; ; ) 2 IR; g(0; ; ) 0; g u (0; 0 ; 0 ) = 0: (6) More precisely, locally (in neighborhoods of (x 0 ; 0 ; 0 ) and (0; 0 ; 0 )) there is a unique correspondence between solutions of f(x; ; ) = 0 with x 2 X H and solutions of the scalar bifurcation equation g(u; ; ) = 0. Here u = 0 corresponds with G{symmetric equilibria in C G , and u 6 = 0 with equilibria x 2 X H n X G .
The transversality conditions which guarantee structural stable symmetry breaking bifurcation can now be formulated in terms of g and even simpler in terms of h, where g(u; ; ) = u h(u; ; ):
Treating as the primary bifurcation{ and as a control or imperfection parameter, this transversality condition is c := g 0 u = h 0 6 = 0:
c can be expressed by the original function f, see (6.13) in 14], but observe the di erent notations.
Under the assumption (7) the Implicit Function Theorem yields a two{dimensional manifold f(u; (u; ); ) : juj < "; j ? 0 j < "g of nontrivial solutions of g = 0 which corresponds to a two{dimensional manifold C H = f(x H (u; ); (u; ); ) : juj < "; j ? 0 j < "g X H IR 2 ; " > 0 (8) of H{symmetric equilibria of _ x = f(x; ; ) (for xed we have the H{branches we will refer to).
Moreover, by applying the Implicit Function Theorem to g u (0; ; ) = h(0; ; ) = 0 using (7) again, the existence of a unique branch of symmetry{breaking bifurcation points (from G to H) C # = f(x # ( ); # ( ); ) : j ? 0 j < "g X G IR 2 ; " > 0 (9) given by g u (0; # ( ); ) 0 is proved.
It can be shown that C # consists of G{semisimple bifurcation points of type #.
In the next step we present conditions under which there is also a branch C = f(x ( ); ( ); ) : j ? 0 j < "g X G IR 2 ; " > 0 (10) of G{semisimple bifurcation points of type together with a branch C % = f(x % ( ); % ( ); ( )) : j j < ")g C H ; " > 0 
Test function
To this end the concept of test functions being used in the numerical analysis of bifurcation problems (as presented in 14]) is helpful:
Our condition is that there is a scalar smooth (test) function t(x; ; ) de ned for x 2 X H such that t(x; ; ) = 0 is an equivalent condition for x being a potential bifurcation point of H{symmetry type %. Especially, for x 2 X G we assume that t(x; ; ) = 0 is equivalent for x being a potential bifurcation point of G{symmetry type .
This condition can be completely formulated in terms of representation theory, see sec. 3.4.
After applying the Lyapunov Schmidt method again we analyse the primary {bifurcation and the secondary %{bifurcation by studying the system of two scalar equations g(u; ; ) = 0; (u; ; ) = 0 : (12) Here (u; ; ) is the Lyapunov-Schmidt analougue to t(x; ; ).
Now trivial solutions u = 0 of (12), and hence solutions of (0; ; ) = 0 (remember that g(u; ; ) 0) correspond to bifurcation points of type on the G{manifolds C G . Nontrivial solutions u 6 = 0 of (12) 
where c and d are partial derivatives w.r.t. in analogy to (7) and (13).
The rst condition (13) ensures the existence of the branch C in (10), while the second condition (14) yields the branch C % in (11) . Condition (14) expresses the fact that the { speed of the # and the {bifurcation points w.r.t. is di erent (see also 14], (7.19) ). This interpretation allows the conclusion that before and after mode interaction ( 6 = 0 ), the #{ and the {bifurcation points are seperated and hence are G{simple.
The two one{dimensional manifolds C % and C are just the intersections of a codimension-1{ manifold de ned by t(x; ; ) = 0 with the two{dimensional manifolds C H and C G respectively. In Fig. 1 the situation is shown where before and after the mode interaction the branch C % exists. But it is also possible that the branch exists only before mode interaction or only after mode interaction (see Fig. 7 ).
It should be remarked that further generic conditions can be formulated to guarantee that the potential bifurcation points of H{symmetry type % are H{simple bifurcation points.
Group theoretical mode interaction conditions
What are the group theoretical conditions for the assumption in sec. 3.3?
We recall that U and V in N 0 = U + V are irreducible subspaces of X of di erent (absolutely irreducible) types # and respectively and that H is a bifurcation symmetry for #. There remain several open questions concerning Hopf/steady-state and Hopf/Hopf mode interaction with di erent symmetry types. 
Investigation of interaction conditions (IC)
The aim of this section is to give su cient and necessary conditions for (IC) to hold.
To this end we play around with the irreducible representation # of G, a bifurcation symmetry H for #, an irreducible representation % of H and a bifurcation symmetry L (subgroup of H) for %, and analogously with the irreducible representation of G, a bifurcation symmetry K for , an irreducible representation of K with bifurcation symmetry L 0 (a subgroup of K) for .
Symmetric and asymmetric interaction
The irreducible representations # and cannot be interchanged in Th. 3.7. But in several cases the theorem holds twice. It is valid for both orderings of # and .
De nition 4.9 We say that # and interact symmetrically i there exist bifurcation symmetries H for #, and K for and nontrivial irreducible representations % (of H) and (of K) such that IC(#; ; H; %) and IC( ; #; K; ) hold with L := H \ K being a bifurcation symmetry for % and as well. 
Su cient interaction conditions
Let H be a bifurcation symmetry for #. It is clear that IC(#; ; H) does not hold if m 1 ( #H) 1 holds.
For this whole subsection we assume that H is a bifurcation symmetry in U + V and that K is a bifurcation symmetry in V (w.r.t. G) and we set L := H \ K.
We will see (Theorem 4.10) that one of the following three equivalent conditions will be su cient for IC(#; ; H) to hold: m 1 (##L) = 1 = m 1 ( #L): It remains to show that m % (# # H) = 0. If not, we have a nontrivial u 1 2 U with the symmetry of L, but not of H. Since H is a bifurcation symmetry in U there is an u 2 2 U having the symmetry H and being independent of u 1 . Hence the two{dimensional space spanned by u 1 and u 2 is contained in X L contradicting dim(U \ X L ) = 1.
The following Theorems 4.11, 4.12, and 4.14 can be derived from Theorem 4.10. First we make the further assumption that K is a proper subgroup of H.
Then L = K and K is a bifurcation symmetry for , the irreducible representation of G and for %, the irreducible representation of H, as well. The bifurcation graph of G acting on X contains the subgraph shown in Fig.3 .
The right hand side of (15) Looking at bifurcation graphs, the assumptions of Theorem 4.11 can be easily checked, see Fig.3 , where we refer to H and K as bifurcation subgroups of level 1 (for # and , irreducible representations of G) and to K as bifurcation subgroup of level 2 (for %, irreducible representation of H).
The interaction leads to a K{branch bifurcating from a H{branch which bifurcates from a primary G{branch. It is possible that the K{branch is connected via the secondary %-bifurcation with the G{branch by a primary -bifurcation.
See the examples in sec.5. Theorem 4.12 Let # and be (inequivalent) one-dimensional irreducible representations of G. Then # and interact symmetrically.
Proof: There are unique bifurcation subgroups H and K for # and , with G=H = Z Z 2 = G=K, but H 6 = K (Th.2.3). Then # H is still a one{dimensional, nontrivial irreducible representation of H which we call % while ##H is the trivial representation of H. 
A negative criterion
The following theorem gives a negative criterion for the interaction condition (7), (13), (14) The test function is invariant w.r.t. N G (H). Restricting to x 2 X H the mode interaction point (x 0 ; 0 ; 0 ) is a turning point of the system f(x; ; ) = 0; t(x; ; ) = 0.
Conjugate interaction condition
Note the restriction for the branch of secondary bifurcation points in contrast to Th. 3.7 and equation (11) . An example is given in Fig. 7 .
If H is an asymmetrical subgroup of G we expect that generically the branch of secondary bifurcation points exists before and after the mode interaction.
Symmetric and asymmetric bifurcation subgroups of level 2
We distinguished 2 di erent types of mode interaction (see Fig. 2 and Fig. 3 ).
The mode interaction results in sec. 
L and thus L is asymmetrical in H.
As an example we present now a complete discussion of the dihedral group G = D 6 .
5. An example: G = D 6 Let G = D 6 = fI; R; R 2 ; R 3 ; R 4 ; R 5 ; S 1 ; S 0 1 ; S 00 1 ; S 2 ; S 0 2 ; S 00 2 g ; be the dihedral group D 6 . In 4] the bifurcation subgroups are shown in a bifurcation graph. Because we will refer to the notations, the gure is included (Fig. 4 ! : Table 1 shows 15 situations in which the mode interaction condition (IC) holds and gives the theorems which applies to this situation.
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